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We use the fundamental nonequilibrium steady state fluctuation symmetry and derive a condition
on the validity of the thermodynamic uncertainty relation (TUR) in thermal transport problems,
classical or quantum alike. We test this condition and study the breakdown of the TUR in different
thermal transport junctions of bosonic and electronic degrees of freedom. First, we prove that the
TUR is valid in harmonic oscillator junctions. In contrast, in the nonequilibrium spin-boson model,
which realizes many-body effects, it is satisfied in the Markovian limit, but violations arise as we
tune (reduce) the cutoff frequency of the thermal baths, thus observing non-Markovian dynamics.
Finally, we consider heat transport by noninteracting electrons in a tight-binding chain model. Here
we show that the TUR is feasibly violated by tuning e.g. the hybridization energy of the chain
to the metal leads. These results manifest that the validity of the TUR relies on the statistics of
the participating carriers, their interaction, and the nature of their couplings to the macroscopic
contacts (metal electrodes, phonon baths).
I. INTRODUCTION
The thermodynamic uncertainty relation (TUR)1–25
a recently discovered trade-off in the field of stochastic
thermodynamics26,27, provides a low bound for the rela-
tive uncertainty of observables in terms of the associated
entropy production. The precise statement of the TUR
for a two-terminal out-of-equilibrium system in steady
state reads
〈j2〉c
〈j〉2
〈σ〉
kB
≥ 2. (1)
Here, 〈j〉 is the averaged current, 〈j2〉c is the second cu-
mulant, and 〈σ〉 is the averaged entropy production rate,
all evaluated in steady state; kB is the Boltzmann con-
stant.
The TUR, Eq. (1), was put forward in Ref.1 for
biomolecular processes in the linear response regime. A
generalized version of the TUR had been proposed and
tested for various systems under driving8–12,16. Neverthe-
less, generalized TURs (see e.g. Ref.16,17) that are given
in terms of the total entropy production are inconsequen-
tial in the steady state limit. Therefore, for systems op-
erating under a constant voltage or thermal bias in the
steady state limit one should focus on the TUR as given
by Eq. (1). The validity of this relation, so far, has been
established for classical markovian dynamics. While one
expects that a related fundamental bound would exist
in general cases, the validity of Eq. (1) in the quantum
regime28, as well as for systems beyond the markovian
limit, is questionable. In our previous work23, we ex-
plored the TUR in charge transport problems, which are
quantum in nature, and demonstrated its violations in
quantum dot junctions of noninteracting electrons. In
Ref.24, we further examined the validity of the TUR in
thermoelectric junctions of noninteracting electrons, and
analyzed the related power-efficiency-power fluctuation
trade-off relation.
What is the origin of the TUR? Can we derive it
from fundamental principles? Using the nonequilibrium
steady state fluctuation symmetry (SSFS), we put to-
gether the relative uncertainty of heat current and the
associated entropy production rate. The resulting ex-
pression recovers the structure of the TUR—albeit al-
lowing its violation—depending on the sign of high order
cumulants. This analysis, based on the SSFS, allows us
to interrogate the TUR in thermal energy transport prob-
lems along several axes: classical-quantum dynamics,
harmonic-anharmonic systems, bosonic-fermionic statis-
tics for the participating particles, and Markovian-non
Markovian dynamics. The role of interaction on the
breakdown of the TUR is examined by contrasting a fully
harmonic model to the spin-boson model. Furthermore,
we study here bosonic, fermionic, and hybrid statistics
(spin-boson) systems, illustrating that the particle statis-
tics plays a central role on this bound. Quantum ef-
fects are further questioned by analyzing the TUR at
high temperature for both bosonic and electronic sys-
tems. Finally, the role of non-Markovian effects on the
TUR is recognized by controlling system-bath parame-
ters such as the spectral density function of the attached
(phononic or electronic) thermal baths.
Our setup includes a central system that is coupled to
two heat baths L,R that are maintained at different tem-
peratures, TL > TR; there are no other thermodynamical
forces (e.g. the chemical potential is fixed). For such a
setup, the average steady-state entropy production rate
is given by 〈σ〉 = kB∆β〈j〉, where kB∆β = 1TR − 1TL
is the thermodynamic affinity, driving the system out-of-
equilibrium in an irreversible manner. In this setting, the
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2TUR (1) simplifies to
∆β
〈j2〉c
〈j〉 ≥ 2. (2)
The objective of this this work is to understand the be-
havior of current fluctuations in thermal transport junc-
tions, by providing insights on the validity of the TUR,
Eq. (2). First, based on the steady state fluctuation
symmetry we show that TUR violations are linked to
the behavior of the skewness, the third cumulant of the
heat current. This derivation holds for both classical and
quantum systems. We exemplify this observation and ex-
amine the TUR in three central quantum thermal trans-
port models: (i) Chain of coupled harmonic oscillators.
In this case we prove that the TUR is always satisfied.
(ii) Nonequilibrium spin-boson model. Here, we demon-
strate that the TUR can be violated by structuring the
thermal baths, which leads to non-Markovian dynamics.
(iii) Fermionic chains, where we study electronic heat
transport. In the resonant transport regime we write
down an analytic condition for TUR violations, which is
supported by numerical simulations.
The paper is organized as follows. In Section II,
we employ the universal steady state fluctuation rela-
tion (Gallavotti-Cohen symmetry) for heat exchange and
present a ∆β perturbative expansion of the TUR. In Sec-
tion III, we study the non-interacting harmonic oscillator
model. The nonequilibrium spin-boson (NESB) model is
examined in Sec. IV. In Section V we investigate the
TUR in electronic heat transport. Certain details are
delegated to the Appendices. We conclude and discuss
future directions in Section VI.
II. PERTURBATIVE EXPANSION FOR THE
TUR FROM FLUCTUATION SYMMETRY
Invoking the steady state fluctuation symmetry for
heat exchange29–31, we derive here a perturbative expres-
sion for the ratio ∆β〈j2〉c/〈j〉 in orders of the affinity
∆β. In steady state, we can formally expand the aver-
aged heat current and its higher order cumulants, 〈jn〉c,
n=1, 2, 3,... in powers of the affinity ∆β as
〈j〉 = G1∆β + 1
2!
G2(∆β)
2 +
1
3!
G3(∆β)
3 +
1
4!
G4(∆β)
4 + · · ·
〈j2〉c = S0 + S1(∆β) + 1
2!
S2(∆β)
2 +
1
3!
S3(∆β)
3 + · · ·
〈j3〉c = R1∆β + 1
2!
R2(∆β)
2 + · · ·
〈j4〉c = T0 + T1(∆β) + · · · (3)
The four cumulants are the averaged current, its vari-
ance, skewness, and the kurtosis. For the average current,
G1 is the linear transport coefficient, or the thermal con-
ductance, G2, G3, · · · are nonlinear transport coefficients.
Heat current fluctuations include the equilibrium noise
component S0 and higher order nonequilibrium terms,
S1, S2 · · · . Other coefficients appearing in the skewness
and the kurtosis, such as R1, R2, T0, · · · can be similarly
described.
The steady state fluctuation symmetry relates the
probability of integrated heat current, Q(t) =
∫ t
0
dτj(τ),
flowing in the forward direction (from hot to cold) p(Q =
jt) to that of the probability of heat flowing in the reverse
direction p(−Q = −jt) (from cold to hot). The precise
statement of SSFS is
lim
t→∞
1
t
ln
[ p(Q = j t)
p(Q = −j t)
]
= ∆βj. (4)
Here, σ = kB∆βj is the stochastic entropy produc-
tion rate. In terms of the generating function defined
as the Fourier transform of the probability distribution,
Z(α) ≡ ∫ dQeiαQp(Q), the SSFS leads to the symmetry
Z(α) = Z(−α + i∆β). Here, α is the counting param-
eter, which keeps track of the net amount of thermal
energy flowing between a bath to the system. The cu-
mulants for current are obtained by taking derivatives,
〈jn〉c = ∂
nχ(α)
∂(iα)n
∣∣∣
α=0
, where χ(α) = limt→∞ 1t lnZ(α) is
the cumulant generating function (CGF) for heat trans-
port.
As a consequence of this SSFS, it can be shown that
linear and higher order transport coefficients in Eq. (3)
are in fact related to each other32,
S0 = 2G1, S1 = G2,
T0 = 2R1, T1 = R2,
3S2 − 2G3 = R1,
2S3 −G4 = R2,
· · · (5)
and so on. We substitute the expansion for the current
and its fluctuations Eq. (3) into Eq. (2) and simplify it
using the relationships (5). As a result, we obtain the
left hand side of the TUR as a perturbative series in ∆β,
∆β
〈j2〉c
〈j〉 = 2 +
(∆β)2
6G1
R1 +
(∆β)3
12G21
[
G1R2 −G2R1
]
+ O(∆β)4 + · · · (6)
This expression is one of the central result of the paper.
Since there is no fundamental constraint on the sign of
the skewness coefficient, R1, the TUR (2) may be violated
in nonequilibrium systems—within a certain range of the
affinity ∆β.
We point out the following: (i) The expansion (6) is
valid for both classical and quantum systems. (ii) The
linear order term, ∆β, does not contribute to the TUR.
This is a consequence of the relation S1 = G2, which
stems from the time-reversal symmetry of the underlying
Hamiltonian. (iii) Coefficients for orders (∆β)n, n =
2, 3 · · · include heat current cumulants that are greater
than two. Therefore, if the probability distribution for
heat exchange is Gaussian the TUR precisely saturates
to the value 2, since all higher order cumulants greater
3than two vanish. (iv) It is evident from this expression
that for noninteracting setups (missing a diode effect)
only even orders in ∆β contributes since the current is
an odd function of the thermal bias, while the second
cumulant involves only even powers in ∆β. This may
not be the situation for interacting junctions.
Equation (6) reveals that the TUR (2) is violated if
R1 < 0. Of course, one may observe that R1 > 0 but the
TUR is still violated due to the impact of higher cumu-
lants. However, in this work we examine the breakdown
of the TUR within the leading order of the affinity i.e.,
up to (∆β)2, and we therefore focus on the sign of R1.
In what follows we study the TUR in three representa-
tive thermal transport problem: harmonic oscillator sys-
tem coupled to harmonic baths, a central spin coupled to
harmonic baths, and a tight-binding electronic junction.
A recent study obtained a current fluctuation - entropy
production trade-off relation based on the geometry of
quantum non-equilibrium steady-states28. This quantum
TUR (QTUR) reads 〈j2〉c〈σ〉/(kB〈j〉2) ≥ 1, which is two
times looser than Eq. (1) [or Eq. (2) for the specific case
of heat transport]. Of course, once a system obeys the
QTUR, it satisfies as well the ‘standard’ TUR (1). We
also emphasize that while we show below violations to
the bound (2), our results do obey the QTUR. Neverthe-
less, we argue that analyzing the TUR (1) is particularly
interesting for several reasons: First, at equilibrium the
TUR becomes an equality, providing a clear reference
point to as the role of the nonequilibrium condition on
the trade-off relation. Further, the expansion (6) builds
about the equilibrium value of 2, and it provides insights
on violations in terms of high-order cumulants of trans-
port and their relationships. Second, as we prove below,
harmonic systems exactly satisfy the TUR (2), making it
clear that its validity extends beyond Markovian dynam-
ics to cover more general cases. Third, our simulations
below satisfy the QTUR, yet we observe that this bound
is quite loose, thus suggesting the existence of a tighter
bound. Altogether, as we illustrate in Secs. III-V, inval-
idating the bound (1) allows us to recognize systems of
different statistics, as well as identify the onset of inter-
actions and non-Markovianity in the dynamics, making
it profoundly useful.
III. COUPLED HARMONIC OSCILLATORS:
PROOF FOR THE VALIDITY OF THE TUR
We consider a noninteracting thermal transport model
consisting of coupled harmonic oscillators. We assume
that the first and last oscillators are coupled to indepen-
dent heat baths, L and R, which are maintained at dif-
ferent temperatures, TL and TR, respectively. The baths
include a collection of harmonic oscillators, which are
bilinearly coupled to the system. The model is fully har-
monic and the total Hamiltonian for this setup can be
written as
Hˆ =
∑
ν=L,R
(
1
2
pˆTν pˆν+
1
2
uˆTνK
ν uˆν
)
+
1
2
pˆTC pˆC+
1
2
uˆTCK
C uˆC
+ uˆTLV
LC uˆC + uˆ
T
RV
RC uˆC . (7)
Here uˆν and pˆν are column vectors of mass weighted coor-
dinate operators and momenta for regions ν = L,R. Kν
is the corresponding force constant matrix. Similar defi-
nitions hold for the central (C) region. V LC and V RC are
the force constants matrices between the central system
and the left and right regions; recall that the left bath is
coupled to a single (‘first’) oscillator in the system, and
similarly the right bath is connected to a specific (‘last’)
oscillator. T stands for the transpose operation.
The integrated thermal energy current is defined as the
net change of thermal energy in the reservoir, say the
left one, Q ≡ HˆL(0) − HˆHL (t). An exact expression for
the steady state CGF, χHO(α) for the integrated thermal
energy current can be obtained by following the two-time
measurement protocol and employing the Keldysh non-
equilibrium Green’s function approach33–35. The CGF is
given by
χHO(α) =−
∫ ∞
−∞
dω
4pi
ln
{
1− THO(ω)
[
nL(ω)n¯R(ω)×
(eiα~ω−1) + nR(ω)n¯L(ω)(e−iα~ω−1)
]}
, (8)
with the transmission function THO(ω), which is ex-
pressed in terms of the Green’s function of the central
region and the self-energies of the baths35. We high-
light that the transmission function is derived for a har-
monic system, but the oscillators within could be cou-
pled to each other with any geometry and force con-
stants. The baths are maintained at thermal equilibrium
with the Bose-Einstein distribution function nν(ω) =
[exp(βν~ω)− 1]−1; n¯ν(ω) ≡ 1 + nν(ω). Note that the
transmission function does not depend on temperature
due to the noninteracting nature of the model. As a
consequence, the above CGF satisfies the following sym-
metry
χHO(α;TL, TR) = χHO(−α;TR, TL), (9)
which ensures that the energy current and the associ-
ated noise are odd and even functions of the affinity ∆β,
respectively. Therefore, for a fully harmonic model only
even powers in ∆β survive in the TUR expression, Equa-
tion (6).
The analytical forms for the first and second cumulants
can be readily obtained from Eq. (8), and are given by
〈j〉 =
∫ ∞
0
dω
2pi
~ωTHO(ω)
[
nL(ω)− nR(ω)
]
, (10)
〈j2〉c =
∫ ∞
0
dω
2pi
(~ω)2
{
THO(ω)
[
nL(ω)n¯R(ω)
+ nR(ω)n¯L(ω)
]
+ T 2HO(ω) [nL(ω)−nR(ω)]2 .
(11)
4Expanding the current and the variance in powers of ∆β,
we construct the coefficient R1 = 3S2 − 2G3, which is
always positive,
R1 =
∫ ∞
0
dω
2pi
(~ω)4THO(ω)n(ω)n¯(ω)
[
1 +
6T (ω)n(ω)n¯(ω)
]
> 0. (12)
Here n(ω) is the Bose-Einstein distribution function eval-
uated at the average temperature T = (TL+TR)/2. Since
the transmission function and the thermal distribution
functions are positive, the coefficient R1 is always posi-
tive. Therefore, up to O(∆β)2 the TUR is satisfied for
quantum harmonic networks consisting of an arbitrary
number of oscillators with general connectivity and arbi-
trary coupling strengths to the baths.
Moreover, we now prove that for harmonic systems
the TUR is valid arbitrarily far from equilibrium. From
Eq. (11), we note that the second cumulant obeys the
inequality,
〈j2〉c≥
∫ ∞
0
dω
2pi
(~ω)2THO(ω)
[
nL(ω)n¯R(ω) + nR(ω)n¯L(ω)
]
.
(13)
An equality is satisfied at thermal equilibrium, βL = βR.
Interestingly, one can show the following inequality for
∀ω > 0,[
nL(ω)n¯R(ω)+nR(ω)n¯L(ω)
]
≥ 2
∆β ~ω
[
nL(ω)−nR(ω)
]
.
(14)
Using this inequality in the noise expression immediately
implies that
〈j2〉c≥ 2
∆β
∫ ∞
0
dω
2pi
~ω THO(ω) [nL(ω)− nR(ω)]
=
2
∆β
〈j〉, (15)
which is the TUR, Eq. (2). This derivation is entirely
independent of the details of the transmission function.
The proof only emerges from the formal structure of the
CGF in Eq. (8). We conclude that for harmonic junc-
tions the TUR is satisfied in the quantum and classical
(high temperature) limits irrespective of the underlying
dynamics, which could be Markovian or non-Markovian.
While this proof holds for classical and quantum systems
alike, in Appendix A we separately study classical har-
monic systems by directly studying the classical CGF.
IV. NON-EQUILIBRIUM SPIN-BOSON MODEL:
TUR VIOLATION FOR STRUCTURED BATHS
In the previous section, we proved the TUR, Eq. (2) in
harmonic systems. It is intriguing to depart from the har-
monic limit, which describes heat transport in a system
of independent normal modes, and examine the role of
anharmonicity (many-body interaction) for invalidating
the TUR. The nonequilibrium spin-boson model (NESB)
serves as a toy model for exploring the role of anhar-
monicity in quantum thermal transport. Its transport
characteristics have been extensively examined with dif-
ferent theoretical techniques; partial list includes36–43.
The NESB model comprises a two-level system (spin)
interacting with two bosonic environments, ν = L,R,
which are maintained at different temperatures. The
Hamiltonian for the NESB model reads
Hˆ =
~ω0
2
σˆz +
~∆
2
σˆx +
∑
ν,j
ων,j bˆ
†
ν,j bˆν,j
+σˆz
∑
ν,j
~γν,j(bˆ†ν,j + bˆν,j). (16)
Here, bˆ†ν,j (bˆν,j) are bosonic creation (annihilation) op-
erators of the jth mode in the ν thermal bath. ω0 is
the spin splitting, ∆ the tunneling element, ~γν,j the
coupling energy of the spin polarization to the displace-
ments of baths’ oscillators. Given the quantum nature of
the spin system and the varied applicability of the model,
understanding the validity of the thermodynamic uncer-
tainty relation in the NESB is of a significant interest.
To examine the possible violation of the TUR in the
NESB model, we need to study it beyond the weak-
coupling Markovian dynamics44. The nonequilibrium
Green’s function method in combination with the Ma-
jorana fermion representation for the spin45 extends be-
yond the Markovian weak coupling limit, thus it may
allow to observe TUR violation. Using the Majorana
Green’s function approach, we derived in Ref.45 the CGF
for the NESB model, where for simplicity, we focus on the
unbiased case, ω0 = 0,
χSB(α)=
∫ ∞
−∞
dω
4pi
∆2
ω2
ln
{
1 + TSB(ω;TL, TR)
[
nL(ω)n¯R(ω)
(eiα~ω−1) + nR(ω)n¯L(ω)(e−iα~ω−1)
]}
. (17)
The transmission function of the NESB model is given
by45
TSB(ω;TL, TR) = 4 ΓL(ω) ΓR(ω)ω
2(
ω2−∆2
)2
+ ω2
[∑
ν Γν(ω)(1+2nν(ω))
]2 .
(18)
Note the crucial sign difference between the CGF for
the spin-boson model in comparison to the harmonic
case, Eq. (8). Here, Γν(ω) = 2pi
∑
j γ
2
ν,jδ(ω − ων,j) is
the spectral function of the ν bath. As a reflection of
the model’s anharmonicity, the transmission function de-
pends on temperature, which results in
χSB(α;TL, TR) 6= χSB(−α;TR, TL). (19)
Therefore, odd powers of (∆β) contribute to the TUR
expression (6). From Equation (17), we obtain an ana-
5lytical expression for the coefficient R1,
R1 =
∫ ∞
−∞
dω
4pi
(~3∆2ω)TSB(ω;T )
(
−∂n(ω)
∂β
)
×
[
1− 6TSB(ω;T )n(ω)(1 + n(ω))
]
. (20)
Here, TSB(ω;T ) is evaluated at the average temperature
T = (TL + TR)/2. Once again note the sign difference
in R1 in comparison to the harmonic case, reflecting the
hybrid nature (spin-boson) of the system. The sign of
R1 can therefore be negative, which could result in the
violation of the TUR, Eq. (2).
In Fig. 1, we present numerical simulations of the com-
bination ∆β 〈j
2〉c
〈j〉 in the NESB model using the Majorana
NEGF method. We find that the TUR can be violated
by structuring the spectral density function of the ther-
mal reservoirs. Specifically, we used an Ohmic function
with either a soft cutoff, Γν(ω) = κpiωe
−|ω|/ωc , or a hard
cutoff, Γν(ω) = κpiωe
−|ω|/ωcΘ(ωc − |ω|); the exponen-
tial function plays a minor role in the latter expression,
but we keep it so as to maintain a quantitative compar-
ison between the two models. In both cases, we used
ωc = 10∆ as the cutoff frequency. This value seems
to be high, thus at first sight it suggests the Marko-
vian limit. However, a closer look (inset) reveals that
in fact the transmission function comprises significant
weight beyond ωc in a region where nν(ω) is still sub-
stantial, given the high temperature employed.
Figure 1 shows that the TUR is obeyed in the case of
a soft-cutoff spectral function. In contrast, we observe a
weak but noticeable violation of the TUR once we struc-
ture the baths and filter high frequencies using a hard
cutoff. This effect can be attributed to the fact that
transport is non-Markovian in this limit since the baths
comprise modes only at or below the averaged tempera-
ture. Nevertheless, a fundamental understanding of the
TUR violation in the NESB model in the language of the
underlying transport mechanism is still missing.
It is instructive to analyze the TUR in the NESB model
in two special cases:
Weak coupling limit. When the system-bath coupling
is weak, the transmission function (18), evaluated at
T = TL = TR, can be approximated by the Dirac delta
function,
TSB(ω;T ) = Γ(∆)pi
[1 + 2n(∆)]
[δ(ω + ∆) + δ(ω −∆)]. (21)
The spectral function is evaluated at the tunneling energy
∆, and for simplicity we assume that it is identical at
the two contacts, Γ(∆) = Γν(∆). Similarly, the Bose-
Einstein distribution is evaluated at the spin splitting
∆, n(∆) = [e∆/kBT − 1]−1. The weak coupling limit
is also known as the sequential (or resonant) tunneling
limit. We further calculate, in the weak coupling limit,
the following function,
T 2SB(ω;T ) =
Γ(∆)pi
2[1 + 2n(∆)]3
[δ(ω + ∆) + δ(ω −∆)]. (22)
FIG. 1. TUR in the NESB model based on Eqs. (17)-(18).
The TUR holds when the ohmic spectral density function
has a soft cutoff (dashed), but is invalidated within a certain
window when the cutoff is hard (full). Other parameters are
T = 10, ωc = 10, ∆ = 1, κ = 0.5. The inset present the
transmission function for soft (dashed) and hard (full) cutoff
at ∆T = 5, where in the latter case it immediately falls to
zero at ωc = 10.
Substituting these expressions into R1, Eq. (20), we get
R1 =
~4∆4 Γ(∆)n(∆)[1 + n(∆)]
2[1 + 2n(∆)]3
[n(∆)2 + n(∆) + 1],
(23)
which is always positive. The same conclusion is reached
by following the CGF obtained using the Markovian Red-
field quantum master equation approach38,44, see Ap-
pendix B. Overall, this proves that in the weak coupling
limit, there is no violation to the TUR in the quadratic
order, (∆β)2. It remains a challenge to prove (or dis-
prove) the validity of the TUR arbitrarily far from equi-
librium in the weak coupling limit.
Co-tunneling limit. At low temperatures, Γ < Tν < ∆,
sequential tunneling is exponentially suppressed since in-
coming phonons fall short of the spin splitting ∆. The
residual off-resonant transmission probability is therefore
small, TSB(ω) 1. From the CGF (17) we find the cur-
rent and its noise in this co-tunneling limit45,
〈j〉 = 2
pi
∫ ωh
0
dω~ωTco(ω)
[
nL(ω)− nR(ω)
]
,
〈j2〉c = 2
pi
∫ ωh
0
dω(~ω)2Tco(ω)
[
nL(ω)n¯R(ω) + nR(ω)n¯L(ω)
]
(24)
Here, the upper limit of the integral ωh is determined
by the smallest of two energy scale: temperature or the
cutoff frequency of the baths. Tco(ω) stands for the trans-
mission function in the co-tunneling limit45,
Tco(ω) = ΓL(ω)ΓR(ω)
∆2
, (25)
6which is independent of temperature. Following the in-
equality (14), it is straightforward to show that the TUR
is satisfied in the co-tunneling limit. In fact, the NESB
model behaves similarly to the harmonic junction in the
co-tunneling limit since ∆ > Tν . Therefore, it is not
surprising that the TUR is satisfied in this case.
V. THERMAL TRANSPORT OF
NONINTERACTING ELECTRONS: TUR
VIOLATION IN THE RESONANT TRANSPORT
REGIME
After analyzing the validity and breakdown of the TUR
for bosonic heat transport and for the NESB model,
in this Section we study electronic heat transport. For
simplicity, we focus on a one-dimensional noninteracting
tight-binding chain model for fermions with the Hamil-
tonian
Hˆ =
∑
ν=L,C,R
cˆ†νh
ν cˆν +
∑
ν=L,R
(
cˆ†νV
νC
e cˆC + h.c.
)
. (26)
Here, cˆ†ν(cˆν) is the row (column) vector consisting of elec-
tronic creation (annihilation) operators in the ν region,
with hν the single-particle Hamiltonian matrix in that
domain. V νCe is the coupling matrix between the metals
and the central system. The baths (ν = L,R) and the
central system are initially decoupled and are prepared
at their respective grand canonical equilibrium state with
temperature Tν and chemical potential µν .
The steady state expression for the joint CGF corre-
sponding to integrated particle and energy current can
be obtained exactly for this model. It was first derived
by Levitov and Lesovik46,47 following a wave scattering
approach. It was later derived by employing different
rigorous approaches29,35,48–51. The joint CGF is given as
χel(αp, αe)=∫ ∞
−∞
d
2pi~
ln
{
1 + Tel()
[
fL()f¯R()(e
i(αp+αe)−1)
+fR()f¯L()(e
−i(αp+αe)−1)]}. (27)
Here, αp(αe) is the counting parameter keeping track of
the net particle (energy) exchange between the system
and the left bath in steady state. fν() = 1/
[
eβν(−µν) +
1
]
is the Fermi-Dirac distribution function for the leads,
ν = L,R f¯ν() = 1−fν(), µν is the corresponding chem-
ical potential and Tel() is the transmission function, con-
taining the structural information of the electrodes and
the system. The joint CGF satisfies the steady state
fluctuation symmetry, χel(αp, αe) = χel(−αp + i(βLµL−
βRµR),−αe + i∆β).
Following Eq. (27), the CGF for heat exchange can be
obtained by simply replacing αp = −µLα and αe = α,
where α keeps track of net amount heat transfer at the
left contact. We then receive
χel(α) =
∫ ∞
−∞
d
2pi~
ln
{
1 + Tel()
[
fL()f¯R()(e
iα(−µL)−1)
+ fR()f¯L()(e
−iα(−µL)−1)]}. (28)
Since our focus here is on the heat current, we consider
identical chemical potentials (µ = µR = µL) but differ-
ent temperatures (TL 6= TR) for the leads. In this case,
the CGF follows the symmetry χel(α) = χel(−α+ i∆β).
Note that, similarly to the noninteracting bosonic case,
the CGF here also satisfies
χel(α;µ, TL, TR) = χel(−α;µ, TR, TL), (29)
which implies that the TUR expression in Eq. (6) con-
tains only even powers in ∆β. Using Eq. (28), the heat
current and the associated noise are given by
〈j〉 =
∫ ∞
−∞
d
2pi~
(− µ)Tel()
[
fL()− fR()
]
, (30)
〈j2〉c =
∫ ∞
−∞
d
2pi~
(− µ)2
{
Tel()
[
fL()f¯R()
+ fR()f¯L()
]− T 2el()(fL()− fR())2}. (31)
As before, we compute R1, which is given by,
R1 =
∫ ∞
−∞
d
2pi~
(− µ)4 Tel() f()[1− f()]×[
1− 6Tel()f()[1− f()]
]
. (32)
The Fermi function f() is evaluated at the averaged
temperature. It is important to note that the above ob-
tained expressions are valid for arbitrary temperatures,
bias voltage, system-bath coupling and the details of the
chain, encapsulated within the transmission function. In
what follows, we once again consider different limiting
cases to analyze the TUR.
Low-transmission. In the limit when Tel()  1 for all
values of , one can discard the term T 2el() in Eq. (32)
relative to Tel(). This immediately implies that the TUR
is satisfied.
Indeed, in the context of charge transport, low trans-
mission probability is associated with a Poisson pro-
cess, which further implies uncorrelated electron trans-
port through the junction. In this limit, one simplifies
Eq. (28) by approximating ln(1 + x) ≈ x and writes the
CGF as
χel(α) =
∫ ∞
−∞
d
2pi~
Tel()
{
fL()f¯R()(e
iα(−µL)−1)
+ fR()f¯L()(e
−iα(−µL)−1)]}. (33)
In Appendix C we further prove that the TUR is valid
arbitrarily far from equilibrium in this low transmission
transport regime.
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FIG. 2. TUR violation in electronic thermal transport junc-
tions. (a) Simulation of R1 using Eq. (32), demonstrating
TUR violation within a certain range for Γ for N = 3 (full)
and N = 4 (dashed). (b) This violation is in accordance with
the observation of T2/T1 > 2/3, where the dotted line marks
the value 2/3. Parameters are β = 1/4, Ω = 1/80, µ = 0.
d = 1/8.
Constant transmission. If the transmission is a constant
i.e., Tel() = τ , the integration in Eq. (32) can be per-
formed analytically and the expression for TUR up to
O(∆β)2 simplifies to
∆β
〈j2〉c
〈j〉 = 2 +
(∆β)2
β2
[7
5
pi2(1− τ) + 12τ
]
≥ 0, (34)
which once again validates the TUR. For perfect trans-
mission τ = 1, the above expression simplifies to
∆β 〈j
2〉c
〈j〉 = 2 + 12
(∆β)2
β2 ≥ 0.
Weak coupling- Resonant tunneling limit. Another ex-
perimentally realizable case is the weak system-bath cou-
pling limit, also known as the sequential tunneling or the
resonant tunneling regime. In this case, the transmission
function is sharply peaked about resonance frequencies
(corresponding to molecular/quantum dot electronic lev-
els), while the Fermi functions are relatively broad (con-
stant) in the range where the transmission function is
non-zero i.e., kBTν > Γ, d, where Γ is the hybridiza-
tion energy and d the characteristic energy level of the
quantum dots. As a precaution we note that while for
charge transport we assess the width of the transmission
function itself—relative to the Fermi function—for ther-
mal energy transport we need instead to confirm that the
combined function (−µ)4Tel() is sufficiently narrow rel-
ative to the alteration of the Fermi functions.
Assuming for simplicity that the central region in-
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FIG. 3. Contour plot of the ratio R1/6G1 in electronic ther-
mal transport junctions as a function of d and Γ, beyond
the resonant tunneling limit. The TUR is violated (to the
order (∆β)2) when R1 < 0. Other parameters are β = 1/4,
Ω = 1/80, µ = 0, N = 3.
cludes electronic resonances clustered around the energy
d, Eq. (32) simplifies to
R1 = f(d)[1− f(d)]T1 − 6f(d)2[1− f(d)]2T2,(35)
where we define
Tn =
∫ ∞
−∞
d
2pi~
(− µ)4T nel (). (36)
These integrals converge if the transmission Tel() decays
faster that 1/4. Based on Eq. (35) and the inequality
0 ≤ f(1−f) ≤ 1/4, violation of the TUR (R1 < 0) occurs
when
T2
T1 >
2
3
. (37)
This inequality can be satisfied by tuning the electronic
parameters of the chain and its hybridization to the met-
als, as we show below.
In Figs. 2-3 we present numerical results for the TUR
in electronic heat transport following Eq. (32). The
model consists a junction with its central part includ-
ing quantum dots in a serial configuration, and we set
the spectral function for the baths to be constant and
identical, Γ = ΓL = ΓR. The N serial quantum dots are
described by a tight-binding model with onsite energy d
and hopping parameter Ω. The transmission function is
calculated in a standard way from the Green’s function
of the system and self energy of the baths53,54.
In Fig. 2(a), we display the ratio R1/6G1 as a function
of Γ and demonstrate the violation (R1/6G1 < 0) of the
TUR within a certain range of this coupling. We present
results for N = 3 and N = 4. Interestingly, the viola-
tion weakly depends on the number of quantum dots in
the setup, and in fact for the present parameters, results
8saturate beyond N = 4. We further show in Fig. 2(b)
that the condition of Eq. (37), which was derived under
the assumption of resonant tunneling, very well captures
the violation region. Note that for N = 3 and N = 4 the
transmission function Tel() for large  decays as 1/6 and
1/8 respectively and therefore the integrals in Eq. (36)
converge.
Figure 3 displays a map of R1/6G1, while extending
beyond the resonant tunneling limit, with d exceeding
T . Negative values correspond to the breakdown of the
TUR, and we identify a significant basin of TUR violation
when Γ d < T .
VI. SUMMARY
We used the steady state fluctuation symmetry to ex-
plore the validity of the TUR in thermal transport prob-
lems. From the SSFS, we wrote down relationships be-
tween transport coefficients and organized an expression
for the TUR, which was perturbative in the affinity ∆β,
and given in terms of nonlinear transport coefficients.
The first central result of this work is that negative
skewness (to the lowest order in the perturbative expan-
sion around equilibrium) reveals TUR violations. This
result is consistent with our previous work on charge
transport23. Our expansion, building the TUR, is uni-
versally valid for quantum and classical problems, as well
as for arbitrary interactions in the conducting system.
The second important result of our work is the proof
that the TUR is satisfied in harmonic junctions, classi-
cal and quantum, irrespective of the underlying stochas-
tic dynamics. Furthermore, to understand the impact
of interaction on the violation of the TUR we studied
the nonequilibrium spin-boson model. For this model
we showed that the TUR can be violated if the phonon
baths are structured by employing a hard frequency cut-
off for their spectral density function, thus eliminating a
significant portion of the transmission function.
Finally, we studied the TUR in fermionic chains. Here,
we focused on the resonant transport limit where an ana-
lytical condition for TUR violation was derived, demon-
strated to be in a quantitative agreement with simula-
tions. The TUR was satisfied when electron transmission
probability was small (Poissonian statistics). Violations
were identified within a certain range of the system-bath
hybridization energy.
The thermodynamic uncertainty relation attracts sig-
nificant interest given its impact on the performance of
thermal machines. Unlike our previous study, which was
focused on quantum charge transport and assumed non-
interacting electrons, the present work deals with heat ex-
change in classical and quantum systems, and it exposes
that the validity of the TUR depends on the statistics of
the participating particles as well as on their interaction.
For bosonic systems, interactions are necessary to inval-
idate the TUR, while fermionic chains can show viola-
tions even in the case of noninteracting electrons. Future
work will focus on the behavior of the TUR in classical
anharmonic chains to understand the impact of quantum
effects and many-body interaction on fluctuation-entropy
production trade-off relations.
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APPENDIX A: HARMONIC JUNCTIONS IN
THE CLASSICAL LIMIT
In this Appendix, we prove the validity of TUR directly
in the classical limit for harmonic systems starting from
the classical generating function for heat exchange ob-
tained by Kundu et al.52. One can as well reach the clas-
sical result from the exact quantum CGF in Eq. (8) by
taking the high temperature limit, βL~ω  1, βR~ω  1.
The CGF in the classical limit, χclHO(α), is given by,
χclHO(α) = −
∫ ∞
−∞
dω
4pi
ln
[
1−THO(ω) iα
βLβR
(
iα+(βR−βL)
)]
(A1)
Of course, this classical version also satisfies the steady
state fluctuation relation i.e., χclHO(α) = χ
cl
HO(−α+i∆β).
Using this CGF, one can immediately derive the current
and its noise,
〈j〉 ≡ ∂χ
cl
HO(α)
∂(iα)
∣∣∣
α=0
= kB(TL−TR) T1,
〈j2〉c ≡ ∂
2χclHO(α)
∂(iα)2
∣∣∣
α=0
= 2k2BTLTRT1 + k2B(TL−TR)2T2,
(A2)
where Tn =
∫∞
−∞
dω
4pi T nHO(ω). Since the last term in the
noise expression is positive, one can then write
〈j2〉c ≥ 2TLTRT1 = 2 〈j〉
∆β
, (A3)
which recovers the TUR (2).The equality is reached in the
equilibrium limit. The TUR is therefore satisfied for a
coupled harmonic oscillator system in the classical limit.
The proof is general for arbitrary spectral function of the
baths and internal parameters for the system. Thus, the
TUR is valid independent of the nature of the underlying
stochastic dynamics of the oscillators.
9APPENDIX B: THE NONEQUILIBRIUM
SPIN-BOSON MODEL IN THE SEQUENTIAL
TUNNELING LIMIT
We obtain here the weak coupling expression for R1,
Eq. (23), directly from the weak-coupling CGF. The
CGF of the NESB model in the sequential tunneling limit
(weak system-bath coupling) was derived in Ref.38 using
the Redfield quantum master equation approach. It was
also received as a special case following the Majorana
Green’s function technique45,
χredfieldSB (α) = −
1
2
[C(∆)−
√
C2(∆) + 4A(∆, α)],
(B1)
where
C(∆) = ΓL(∆)[1 + 2nL(∆)] + ΓR(∆)[1 + 2nR(∆)]
A(∆, α) = ΓL(∆)ΓR(∆)
[
nL(∆)n¯R(∆)(e
iα~∆ − 1)
+nR(∆)n¯L(∆)(e
−iα~∆ − 1)]. (B2)
A quick way to get the expression for R1 is to obtain the
third cumulant of the current 〈j3〉c = ∂
3χredfieldSB
∂(iα)3
∣∣∣∣
α=0
and
perform a linear response analysis. Following that, we
receive
R1 =
~4∆4 Γ(∆)n(∆)[1 + n(∆)]
2[1 + 2n(∆)]3
[n(∆)2 + n(∆) + 1]
(B3)
which is always positive. Here n(∆) =
[
exp(β~∆)−1]−1
is the Bose-Einstein distribution function at tempera-
ture T = 1/kBβ. This expression matches exactly with
Eq. (23).
APPENDIX C: VALIDITY OF TUR FOR
ELECTRONIC HEAT TRANSPORT IN THE
LOW-TRANSMISSION LIMIT
We prove here that the TUR relation for non-
interacting electronic heat transport is valid at arbitrary
far from equilibrium in the low transmission limit. We
start from Eqs. (30)-(31), shift the energy around µ, and
take the limit of Tel() 1,
〈j〉 =
∫ ∞
0
d
2pi~

[
Tel(+µ)+Tel(−µ)
][
fL()−fR()
]
,
〈j2〉c =
∫ ∞
0
d
2pi~
2
[
Tel(+ µ) + Tel(− µ)
][
fL()f¯R()
+ fR()f¯L()
]
. (C1)
We notice the following inequality involving the Fermi
functions for  ≥ 0.[
fL()f¯R()+fR()f¯L()
]
=coth
(
∆β
2
)
[fL()−fR()] ,
≥ 2
∆β 
[
fL()−fR()
]
. (C2)
Introducing this inequality in the above noise expression
immediately implies that ∆β 〈j
2〉c
〈j〉 ≥ 2, completing our
proof on the validity of the TUR in the limit of low trans-
mission probability.
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